Abstract. An optimal boundary control problem for the Navier-Stokes equations is presented.
that minimizes a volume integral that represents frictional energy dissipation. The constraint is the system of equations for viscous incompressible flow. The boundary value of the velocity, hereupon dubbed the control, is constrained to a closed, convex subset of H1/2(Fc), where Fc is a portion of the body boundary. Such a constraint is necessary since the control does not appear explicitly in the cost functional. Moreover, we cannot eliminate the control in solving coupled state-adjoint equations. In the present case a minimum principle gives us a variational inequality that couples the system of state and adjoint equations. If we further constrain the control set to be in a finite-dimensional subspace, then we are led to an optimization problem where the feasibility set is the set of vertices of a cube in m-dimensional Euclidean space.
Our choice of the cost functional to be optimized is motivated by the following physical consideration (cf. [9] ). If a body with boundary F is immersed in a fluid, then the force acting on the body is F-JT.n dF, where T is the stress tensor and n is the unit normal vector pointing into the body. (We are assuming that the fluid is isotropic, reflected in the fact that the medium itself is described by the scalar quantity #.) Although this expression for the drag was derived in the context of the ideal conditions mentioned, it seems reasonable to use the right-hand side as a cost functional to be minimized subject to the constraints imposed by the incompressible Navier-Stokes equations. Of course, on this constraint set, the second and third terms on the right-hand side are clearly zero, thus making our cost functional positive. The term to which this functional then reduces is known in the literature as the dissipation function; it represents the rate at which heat energy is conducted into the fluid, or equivalently, the rate at which heat is generated by deformations of the velocity field.
We apply our results to the following problem. It is known that for an aerodynamic body moving at uniform velocity, the main contribution to retardation is the frictional force. This force is increased if the boundary layer becomes turbulent. In addition, the body may have to overcome adverse pressure gradients if the boundary layer separates. We want to reduce viscous (skin-friction) drag of an immersed body whose relative velocity with respect to the fluid is fixed (v). In the specific application that is considered at the end, the method of control is the following: we have m disjoint regions (holes) on the surface of the body where we can specify positive (blowing) or negative (sucking) velocities [4] . Of course, the rate of flow at each hole is strictly limited, not only for the obvious reasons, but because too strong a control would change the lift, and the problem would not represent the one posed. On the other hand, the control velocity must dominate pressure gradients. We will assume that the control set is small enough so that the velocity profile at each hole is fixed, and thus the problem reduces to a finite-dimensional control problem.
The numerical approximation is carried out using the finite-element method; sketch of the procedure as well as a model problem is given at the end. Further details concerning the approximation of such optimization problems as well as the more difficult (from the viewpoint of approximation) unconstrained case, including error estimates, are given in [3] . The authors are presently applying the techniques and algorithms discussed here to other applications, e.g., flows about airfoils. Always, voo e H*/(r) (or voo e H1/2(F(1)) in the case of (BVC2)) and, in the case of (BVC1), we assume fr g.ndF+fr v.ndF-0.
We consider the case (BVC1), and for simplicity assume that v.ndF=0, so that r g.ndF-0.
(Cases (BVC2) and (BVC1) without the above assumption can be treated in similar manner.) DEFINITION 1. We define the admissibility set Td ={(v,g) e Hl(ft) H(_ H1/(r)) J(v) < oc and there exists p e L(f) and so that (2.2)-(2.4) and either (2.4) We are now in a position to state the main result of this section. By the trace theorem, and using the ellipticity of A and the inf sup property for B, we can see (cf. [1] , [6] , and [7] ) that the Stokes operator B 0 -y 0 is an isomorphism from Hl(f) x Lo2(ft) H-l(ft) x Lo2(a) x H1/2(F). (The last factor in this product of spaces is --0 (F) if the velocity is specified on the whole outer boundary, i.e., (BVC1).) We estimate the linear operators C(., fl) and C(/1, .) as follows. From the estimate we have that C(., fi) is continuous from Hl/2(a) into H-l(t) and thus compact from H(ft) into H-l(t). Likewise Here we use the Hi/2 inner product.
Recall the minimum principle (2.13). The integral on the left in that inequality is the duality relation H-l/2 x n/2, which can be written In the degenerate case, the prescription (3.1) continues to hold, although in that case, We will define our admissibility set for the control as 5/-{g E H/2(Fc)'g-E /k ak < "/k < bk, ak bk E R, Vk} Now we can apply the framework of the last section. Let The particular computational problem we consider here is described in Fig. 1 Here, Fk, k 1, 2, 3, 4, are the regions indicated and w0 is zero on the top and bottom portions of F-[-JkI'k and nonzero on the inflow and outflow portions. This problem is of use in viscous drag reduction studies. The step represents a protuberance on a wing, e.g., due to struts, rivets, etc. These obstacles can trip separation or accelerate transition to turbulence. Our studies examine how the injection or suction of fluid can ameliorate the negative influence of the step. We use the Taylor-Hood element pair as amended by [12] . Continuous 
